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Global Existence, Invariant Region, and Enhanced Regularity
for an Anisotropic Reaction—Diffusion Model of Myocardial Remodeling
in Terms of Dirichlet Concentration Parameters
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Abstract

A multicomponent anisotropic reaction—diffusion model for post-infarction myocardial remod-
eling is studied in terms of Dirichlet concentration parameters. In this formulation, the state vari-
ables encode both tissue composition and uncertainty, which is essential in heterogeneous border-
zone regions. The model includes healthy myocardium, inflammatory infiltrate, necrosis, replace-
ment fibrosis, and interstitial fibrosis, and combines fiber-oriented diffusion with a clinically mo-
tivated transition structure.

For the original system, weak solutions are proved to exist globally in time. In addition, non-
negativity, explicit upper and lower bounds, and invariance of the admissible region are established.
The main analytical result is a strengthened gradient-regularity class obtained under additional as-
sumptions on the initial data and the fiber field. This class yields short-time unconditional unique-
ness and removes the conditional character of the earlier uniqueness argument. The proof relies
on invariant-region techniques, maximal regularity for parabolic equations with spatial VMO co-
efficients, Morrey-type embedding, and a closed W -7 iteration.

The numerical part illustrates the barrier properties of the model, representative space-time
regimes, and the interpretation of the state variables. In a one-dimensional 60-day scenario, the
spatially averaged replacement-fibrosis probability increases from 0.091 to 0.811, while the corre-
sponding concentration parameter rises from 11.0 to 15.4. In a two-dimensional test at day 14, the
variance reaches 0.038 in the transition zone, compared with 0.009 in the lesion core and 0.004 in
healthy tissue. The scheme also shows second-order convergence in space and first-order conver-
gence in time on a smooth manufactured solution.

Keywords: reaction—diffusion system; Dirichlet distribution; invariant region; global exis-
tence; W 1T regularity; maximal L regularity; VMO coefficients; unconditional uniqueness;
anisotropic diffusion; myocardial remodeling.
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1 Introduction

1.1 Motivation

Myocardial fibrosis is one of the key pathological processes that determine the course of ischemic
heart disease, dilated cardiomyopathy, and post-infarction remodeling of the left ventricle [1-5]. Of
particular clinical interest are transition zones of damage, visualized by late gadolinium enhancement
MRI and regarded as a possible substrate for ventricular arrhythmias [6, 7]. For quantitative analysis
of such zones, binary or three-phase descriptions are not sufficient; one needs a model that allows for
a multicomponent tissue composition together with a probabilistic interpretation of uncertainty.

1.2 Overview of mathematical approaches

Parabolic reaction—diffusion systems are a well-established tool in mathematical biology and physiol-
ogy; questions of global existence, invariance, and uniqueness are treated in detail in the monographs
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by Pao [8] and Smoller [9]. Phase-field and diffuse-interface models [10-12] can describe transitions
between phases, but they usually do not provide a probabilistic interpretation of tissue composition.
Electrophysiological and bidomain models [13—15] account for fibrosis as a modifier of conductiv-
ity, but they do not model the evolution of tissue composition itself. Models of arrhythmogenicity in
diffuse fibrosis [16] and biomechanical models of the infarct border zone [17] also do not use a prob-
abilistic description of tissue composition as the main state variable. The anisotropic structure of the
myocardium is supported by diffusion tensor MRI data [18, 19]. A description in terms of Dirichlet
distribution parameters [20, 21] makes it possible to encode both the expected tissue composition and
the degree of confidence in it. To the best of the authors’ knowledge, a formulation in which the local
tissue state is described by a vector of Dirichlet parameters and at the same time serves as the state
variable of a multicomponent reaction—diffusion system has not previously been considered explicitly
for post-infarction myocardial remodeling.

1.3 Regularity of solutions and the uniqueness problem

It is well known that for nonlinear parabolic systems, global existence of a weak solution in the class
L2, T; HY n C([0, T]; L?) does not automatically imply either uniqueness or higher spatial
regularity. In our setting, an additional difficulty comes from the nonlinear dependence of the diffusion
tensor on the state vector through the anisotropic term B & 4,/ (0o + €): different components a
enter the coefficient in the equation for each aj.

The standard approach to uniqueness — comparing two solutions @ M and a@ through the dif-

(1) (2)
ko~ %k

ference wy, = a — produces the term

1% = [L(Dr(x, a®) = Dy (x, a@)) Va® - Vwy dx,

whose estimate requires Va ;{2) € L*(0,S; L"(Q)) forr > d. This is exactly why one has to
work in the strengthened class U ;- (S).

The key question that is not resolved by the standard uniqueness argument is the following: does
there exist at least one solution in the class U . (T) for some finite T > 0? The paper gives a positive
answer to this question.

1.4 Analytical approach and main tools

The answer is based on a sequential use of three standard analytical facts. First, the theorems of
Kim-Krylov [22] and Dong-Kim [23] provide maximal L” regularity for a parabolic equation with
a uniformly elliptic coefficient having a small VMO seminorm in the spatial variables. This makes it
possible to place the solution in the class LT (0, T; W2") n W17 (0, 7; L") and thus move from
energy-level H 1 regularity to stronger estimates.

Second, for r > d, Morrey’s theorem yields the embedding W17 (Q) — COH(Q), u =
1 —d/r > 0. If the iterative function a belongs to L* (0, T; W LT then the frozen coefficient
Ap(x,t) = Dy (x, (a(x,t)),) is Holder continuous in X, uniformly in £, and therefore satisfies
the VMO condition. Hence the assumption of W Lr regularity for the iterative function returns at the
next step as wa.r regularity of the new iterate.

Third, the space L” (0, T; W2 "YW 1.7 (0, T; LT) embeds into C ([0, T]; (W 2T, L") rr)
by Amann’s interpolation theorem [24]. For r > d and d € {2, 3}, one has the continuous embed-
ding (W27, L)y r = W2=2/r.7 «, WLT since 2 — 2/r > 1. As a result, the new iterate
belongs to C ([0, T]; W 1"”), and the iteration scheme closes in the required class.



1.5 Main results of the paper

1. A new model formulation. We propose a reaction—diffusion system whose state variables are
Dirichlet distribution parameters. For the specific anisotropic diffusion tensor, in which the in-
tensity of the anisotropic component is controlled by the fraction of damaged tissue, we verify
explicitly the structural assumptions of uniform ellipticity and local Lipschitz continuity.

2. Global existence and invariance. For the truncated system we first prove local existence of a
weak solution and then derive non-negativity, an upper barrier, and a quantitative lower estimate.
These results imply invariance of the admissible region and, after continuation, existence of a
global weak solution to the original clinical system (Theorem 4.8).

3. Nonemptiness of the strengthened class and W Lr regularity. Under the additional hypotheses
(29)-(30) (@ € WLT(Q), f € WL*(Q), r > d), we prove existence of a solution with
Vay, € L*(0, t,; L™ (Q)) for some explicitly estimated T, > O (Theorem 5.7).

4. Unconditional uniqueness in the strengthened class. Combining items 2 and 3, we obtain that
on the interval [0, T,.] the class U . (T,-) contains exactly one solution. This removes the condi-
tional character of the uniqueness theorem (Theorem 5.1 and Corollary 5.9).

5. Entropy balance and stability. For the reversible auxiliary regime we derive a formal entropy
balance. For the clinical irreversible transition matrix we prove a modal spectral stability condition
for the linearization through properties of Metzler matrices (Propositions 7.1 and 7.3).

6. An illustrative numerical section. For the splitting scheme we derive a positivity condition for
the reaction substep relative to an adaptive upper barrier. The one- and two-dimensional compu-
tations are used only as illustrations of the analytical results and not as an independent source of
model or clinical claims.

1.6 Nature of the novelty

Modeling novelty. The use of a vector of Dirichlet distribution parameters as the state variable of
a reaction—diffusion system to describe five tissue states of the myocardium in the context of post-
infarction remodeling, to the best of the authors’ knowledge, has not been used before.

Analytical novelty. The main mathematical contribution is Theorem 5.7. Its proof combines maxi-
mal L" regularity with VMO coefficients, Morrey’s theorem, and interpolation in Bochner spaces in
a way adapted to the present nonlinear anisotropic system with Markovian reaction dynamics. This
yields a closed WLT iteration argument and removes the conditional character of the uniqueness
theorem.

The remaining analytical tools used for results 1-2 and 4—6 are standard in the theory of nonlinear
parabolic equations [8, 9, 25-28].

1.7 Structure of the paper

Section 2 introduces the mathematical model and verifies the structural properties of the diffusion
tensor. Section 3 studies the extended reaction operator. Section 4 proves existence and invariance.
Section 5 establishes nonemptiness of U ,- (T,-) and derives unconditional uniqueness; this is the main
analytical section. Section 6 discusses the probabilistic interpretation of the model. Section 7 deals
with entropy balance and stability. Sections 8-9 present the discretization scheme and a limited set
of numerical illustrations. Section 10 contains an interpretation of the results and a discussion of the
limitations of the model.



2 Mathematical formulation of the model

2.1 Geometry and admissible set of states

Let Q C Rd, d € {2, 3}, be a bounded domain with boundary of class C2+p0, Ho > 0, and let
T > 0 be a fixed observation horizon. In this paper we consider a five-component model, that is,

K =5.

The components a1, ..., & 5 are interpreted as the concentration parameters of a Dirichlet distribution
for five tissue states: a1 is healthy myocardium, a5 is inflammatory infiltrate, a3 is necrosis, Q4 is
replacement fibrosis, and & 5 is interstitial fibrosis.

For M > 0 we introduce the admissible region

Al :={aeRK:0=q =M, k=1,.., K} (1)

2.2 Reaction—diffusion system
The system under study has the form

d;ay =V - (Di(x,a)Vayg) + Ry (a), k=1,..,K, )
supplemented with homogeneous Neumann boundary conditions and initial data

Di(x,a)Vay-n=0 ondQx(0,T), ax(x,0)=a). 3)

2.3 Diffusion tensor

We set _ _
Dy (x, @) = dFOT +d ™ (a) (f (x) ® f(x)), 4)
where the anisotropic coefficient is defined by
(aniso) o $ S
aniso . am e . e .
d;;"(a) == Bka0+g' Ao = z aj, ag = Z aj;. (5)
j=2 Jj=1

Biologically, the term a 4,,,/ (@ + &) represents the fraction of damaged tissue: the higher the local
fraction of necrosis and fibrosis at the point X, the stronger the anisotropic diffusion along the fiber
direction f (x).

We assume the following conditions:

di* >0, Br=0, >0, feL*(GRYD, |fll=q=Fs (6

2.4 Reaction operator

The reaction term is given by

K
Ri(@) = Y qjxa;—Sk(a), (7)
j=1
where the nonlinear sink a
Si(a) = K;a (—k—l) ®)
k k% k Mk N
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prevents unbounded growth of the components when aj > M ;.. We use the notation

ay'=—dgk,  qg = J;k Qjk: Qi = | max, dic- ©)

We also assume

M,=1, k=1,..,K. (10)

Condition (10) will be used in Section 7 when we analyze the entropy functional.

2.5 Clinically motivated transition matrix

We use the transition-rate matrix

—(q12 +4q15) d12 0 0 d1s5
0 —(q23 + 424+ 425) d23 d24 d2s
Q= 0 0 —q34 434 0 . (1D
0 0 0 0 0
0 ds2 0 gsa4 —(g52+gs54)

The coefficient q j; = 0 for j # k is the rate of transition from state j to state k. The row-balance
condition

K
z 4jk=0, Jj=1,...,K, (12)
k=1

is necessary for the stochasticity of the Markov chain. The matrix (11) is irreversible: the replacement
fibrosis state (k = 4) is absorbing, and detailed balance is impossible for it.

2.6 Biological motivation for the transition topology

Matrix (11) models the dominant directions of post-infarction remodeling according to modern reviews
[29-31]: acute inflammatory response, necrosis, scar formation, and reactive interstitial fibrosis.

1. Transition 1 — 2 corresponds to the onset of inflammation in the damage zone.

2. Transitions 2 — 3,2 — 4,and 2 — 5 describe branching of the inflammatory state into necrosis,
replacement fibrosis, and interstitial fibrosis, respectively.

3. Transition 3 — 4 corresponds to replacement of necrotic tissue by scar tissue.
4. Transition 5 — 4 represents local concentration of fibrotic remodeling.

5. Transition 5 — 2 represents reactivation of inflammation in chronically remodeled tissue.

There is no direct transition 1 — 4: replacement scar appears only as the outcome of damage me-
diated by inflammation, not directly from healthy tissue. The direct transition 1 — 5 is allowed as
a simplified description of reactive diffuse fibrosis outside the necrotic zone. The coefficients q
are understood as effective phenomenological parameters; their quantitative identification requires a
separate inverse problem.



2.7 Verification of the structural assumptions for the specific tensor

The theorems in Sections 4-5 are formulated for an abstract class of coefficients satisfying hypothe-

ses (25)—(26) from Section 4.1. For the tensor (4)—(5), these hypotheses are verified explicitly in the

following proposition.

Pr0p0s1t10n 2.1. Assume that conditions (6) hold. Then for every M > O there exist constants d ;, >
maxd(]\/I) > 0, and L p (M) > O such that for all a,b € REK with lalle, 1Pl < M and all

5 € RY,

duinl€1? = ETD (X, (@) )& < d oy MDIEI, (13)
|Dk(x, (a);) — Di(x, (b)) = Lp(M)la—bl, forae x€Q. (14)
The constants can be chosen explicitly as
doin = mkln dj (iso),
i KM
(M) = max (dg{lso) + By Fz) )
F2
Lp (M) = max B’;z (K +1)M.

Proof. By definition,

Dic(x, (a)}) = dic® T + B dam ~(fef),
0

K K
+ + _
where af, = = 2j=z(aj)+ and afj = 2j=1 (@),
Lower bound. Since the second term is nonnegative as a tensor product, we have & ™D k€ =
ngO)IEI2 = miny dgso) > 0.

Upper bound. From 0 < ajam/(ag + &) < KM/g and (f - 5)2 < FiIEIZ, we obtain the
upper bound in (13) with d ... (M) from (15).

Lipschitz continuity. The function g(2) = 27,/ (26 + €) has bounded gradient on [0, MK
Iazlgl <1l/e+ KM/£2 < (K + l)M/e2 (for M = 1). Since the mapping a ~ (a), is
Lipschitz with constant 1, the chain rule gives

lg((@);) —g((b) ) =

Multiplying by By F2 yields (14) with L , (M) from (15). O

, which gives d

min

max

KEDM -y
&

Remark 2.2. Therefore all results of Sections 4-5 apply to the specific tensor (4)—(5).

3 [Extended reaction operator

3.1 Truncated operator

To work with the system outside the nonnegative cone RK , we introduce

(ag)y
Ry(a) := qjka)y —qpt(ag)y — Kilag) -1 . (16)
k _];k Jjk + k’+ k\%k +( M )+

On R_If this operator coincides with the original one:

Ry(a) = Rg(a), aeRK, (17)



3.2  Quasi-positivity
Lemma 3.1. Ifay < 0, then ﬁk(a) = quek qjk(aj)y =0.

Proof. 1f aj, < 0, then (i), = 0, so the negative terms in (16) disappear. The remaining terms
are nonnegative because g jj = 0 for j # k. O

3.3 One-sided estimates

Lemma 3.2. Leta € Rf Then

Rk(a) = —q‘,’g‘tak, 0=< ap < Mk' (18)
Rk(a)z—[q‘,’(‘“+Kk (&—1)](110 ak>Mk, (19)
My,
Ry () = qRlal,. (20)
If, in addition, 0 < ay, < M T, then
M
Rk(a)z—./\kock, Ak = q?(“t+Kk (M—T—].) . (21)
k +

Proof. Estimate (18). If 0 < aj, < My, then S) = 0,s0 Ry, = 2j¢k qjkaj — Qo =
—q‘l’(“toc k- since all incoming terms are nonnegative.

Estimate (19). If a > My, then S = Kpap(ag/My — 1), hence R = —[q%" +
Kk(ak/Mk - 1)]ak

Estimate (20). Dropping the negative terms, we get Ry < Y jk kA = qRaly.

Estimate (21). If 0 < aj < Mo, then from (18)~(19) we obtain Ry = —[q%" +
Kk(MT/Mk—1)+]ak=—Akak. O

3.4 Local Lipschitz continuity with an explicit constant

Lemma 3.3. For every M > 0,

|IR(@) —=RB)|, < Lg(M)la = Bl.,,  |als, Bl = M, (22)
where
. 2M
Lr(M):= 1sn}<aéK(J;qujkl+q(l)<t+Kk (M_k+1)) (23)

Proof. For fixed k, define hy (2) := 2, (2, /M — 1),. The function hy, is piecewise quadratic:
hy(z) =0forz < My and hy(2) = :Zle;< —2zforz > My,solhj (2)| =2M/M; +1
on [—M, M]. Therefore hy is Lipschitz on [-M, M] with constant Ly, j (M) :=2M /M +1.
Applying the triangle inequality to (16) and using that 2 + 2z is Lipschitz with constant 1, we
obtain (22) with L g (M) from (23). O

3.5 Reaction balance

Lemma 3.4. For a € R_IE,

K K
Y Ry(@)=- > Sy(a) =0. (24)
k=1 k=1
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Proof. From (7) we have
2 Ri=22 ajxa; =2 Sk=2,a; aji= 2 Sk
K K Jj K 7 K K
By the row-balance condition (12), we have zk djx = 0, which implies (24). O

Remark 3.5. Equality (24) means that the total concentration parameter atg = », k Ok decreases
in time only because of the sink terms Sy, that is, because of departure from the physiologically
admissible range [0, M . ]. Inside the admissible region (aj, < My for all k), the reaction preserves
a , which is natural for the probabilistic parametrization introduced here.

4 Global existence and invariance

4.1 Structural hypotheses
(H1) Uniform ellipticity.
Aminl€1? = ETDp (X, (@))€ = dpalE1. (25)

For |al, |bl, < M, we also assume local Lipschitz continuity with respect to the state variable:

(H2) Local Lipschitz continuity in the state variable.
|Dx (x, (a)4) = D (x, (b)) = Lp(M)la — bl,. (26)

The initial data satisfy
(H3) Boundedness and strict positivity of the initial data.

al e L2(Q)NL*Q), 0<by=al=My ae (27)

and the boundary of the domain belongs to the class

(H4) Smoothness of the domain boundary.
a0 € C%*Ho, gy >0. (28)

For the W17 theory, we additionally assume
(H5) WL.T regularity of the initial data.

alewlr@), IVallzr=Ry, r>d, (29)
and
(H6) Regularity of the fiber field.
fewl=@;RY), |VflL-=<F;. (30)

Remark 4.1. Conditions (25)—(28) are sufficient for global existence (Theorem 4.8). Conditions (29)—
(30) are additionally needed for wlr regularity and unconditional uniqueness (Theorem 5.7 and
Corollary 5.9).

4.2 Weak solution

Definition 4.2. A vector-valued function & is called a weak solutionon [0, T ] ifa;, € L2 0, T; H! (9))]a
C([0, T]; L?(Q)), d;ay € L2(0, T; H-Y(Q)), and for every y € L2(0, T; H(Q)) one

has
f(j(atak, y) dt + f(;FIQ DyVay-Vy dx dt = fng Ry dx dt. (31)

8



4.3 Comparison principle

Proposition 4.3. Let U and v be weak solutions such that d;u—V-(aVu) < f, d,v—=V-(aVv) =

f, with the same Neumann boundary conditions and with u(-,0) < v(-,0) a.e. Then U < V a.e. in
Qr.

Proof. Testing with (U — V) under zero initial data and using ellipticity gives %d—dtll (u—-v), ||%2 =<
0, hence (u—v), =0.

4.4 Local existence

We consider the truncated system
dray = V- (Dx(x, (@) Vag) + Ry(a).

Set
Cr(M):= max = sup Iﬁk(a)l, Tpar :=min{l, M/Cr(2M)}.

lal,=M

Theorem 4.4 (local existence). Under assumptions (25)—(28) and ||« ifgll 1o < M, the truncated sys-
tem has a weak solution on [0, T pr].

Proof. We define the set
KTM = {d : ||dk“L°°(QX(O,TM)) =< ZM}

and the operator ® : K T K Tas that maps & to the solution of the frozen linear problem
dray — V- (Dp(x, (@) Vay) = Rp(@),  ak(,0) =al. (32)

Step 1 (solvability). By (25), the coefficients are bounded and uniformly elliptic, and the right-hand
side belongs to L (Q M ). Therefore the standard theory of linear parabolic problems with Neumann
boundary conditions gives a unique weak solution; see [8, 25].

Step 2 (self-mapping property). The barriers B (t) := £ M + C g (2 M)t satisty
d,B, —V-(DxVB,)=R,, 8;,B_—V-(DyVB_) <R,
and B, (0) = ai,‘g. By Proposition 4.3,
lagl = M +CrQR2M)Tp <2M,

0 ®(Ky, ) C Ky, .

Step 3 (compactness). Standard energy estimates together with the Aubin—Lions—Simon lemma
[26] imply that CD(KTM) is precompact in [L2 (Qx (0, TM))]K.

Step 4 (continuity and Schauder’s theorem). Let a™ 5 & in [L2]1K. Then ﬁk(d(n)) -
Ry (a) in L2 by the dominated convergence theorem. For the diffusion term, we split it into two
parts, I1 p,+1I5 p: theterm Iy ,; — O because the coefficients Dy (X, (d(”))+) - D (x, (a),)
and by dominated convergence, while I, , — 0 follows from weak convergence of the gradients

of solutions to the frozen problems. Hence the operator @ is continuous in the [L21K topology.
Schauder’s fixed-point theorem then yields a fixed point, which is the desired weak solution. O



4.5 Non-negativity and barriers

Lemma 4.5. a; (x,t) = 0a.e in Qp.

Proof. Testing with —(aj)_ and using quasi-positivity of the reaction term (Lemma 3.1) gives
%d%ll(ak)_lliz < 0. Since (0(2)_ = 0, we obtain (a)_ = 0. O

Lemma 4.6. Under assumption (27), one has
0=<air(x,t)=B():= Moeq*t a.e.

forallk =1,..., K.

Proof. Introduce Wy := (aj — B), and test the equation for (aj — B) with wj. On the set
{w}, > 0}, using non-negativity of & j and the bound a ; < B+w j» We obtain

Ri(@)—B'(t) < Y qxwj,
7k

since qilg < 4 = B’/B. Summing over K, using uniform ellipticity and the elementary estimate
Wiwy < (W? + W%)/Z, we arrive at

1d 2 d \v/ 2 < C 2 Ch = 1 in out

535 DIWKIF 2 + doin D IVWiIIZ2 < Cq D IWiliZ 2, Q = 5 max(q} + qag").

k k k
Since Wy (-, 0) = 0, Gronwall’s lemma gives Zk”Wk”%Z = 0, hence wy, = 0 for all k. O
Lemma 4.7. Forallk =1, ..., K,
(Xk(X, t) = 606_Akt a.e.,

where

Ak = q(l)(ut+Kk (—T—l) , MT = Moeq*T.
+
Proof. By Lemma 4.6 and Lemma 3.2, we have R, = —Ajay. The function vy := e’ klar
satisfies ;v — V- (D V) = Oand v (-, 0) = &y. Proposition 4.3 then yields vy, = 6. O

Theorem 4.8 (global existence and invariance). Under assumptions (25)—(28), the original system has
a global weak solution a € [L2 0, T; Hl) N C([0,T]; LZ)]K satisfying

5oe_Akt <ap(x,t) =< Moeq*T ae. (33)
forallk =1,...,K.
Proof. The local solution on [0, T MO] can be continued step by step with a constant time step that

does not depend on the restart point. The assumption T, < T leads to a contradiction. Non-
negativity ensures that the truncated and original systems coincide. O

10



5 WULT regularity and unconditional uniqueness

5.1 Conditional uniqueness
We introduce the strengthened class

U, (S) := {a — weak solution : Va;, € L*(0, S; L" (QQ)), r > d}.
Theorem 5.1. Ifa(l), a@® e U - (S) are two weak solutions, then a) = q@),

Proof. For the difference wy, := ag) — ag), we estimate the reaction term by Lemma 3.3 and

the diffusion term by using the embedding H LeLSforr >d together with Ehrling’s lemma.
With a suitable choice of parameters, the coefficient in front of G = 2|IVW k”%Z can be absorbed.

Gronwall’s lemma then yields Y, klw i () ||%2 = 0 because the initial difference is zero. O
Remark 5.2. Theorem 5.1 is conditional, since by itself it does not guarantee that the class U, (S) is
nonempty.

5.2 VMO property of the frozen coefficient

Lemma 5.3. Assume (26), (30), 7 > d, and @« € [L* (0, T; Wl'r)]K withsup[IVa (t)llpr < N.
Then for Ay (X, t) := Dy (x, (&) ) the following hold.:

(i) sup IV Ax (DllLr < C a1+ N);

(ii) Ai(t) € CO'”(Q) with g = 1 —d/r > 0 uniformly in t, and hence A} (t) € VMO(Q)

uniformly in t.
Proof. Differentiating the representation of the diffusion tensor gives an estimate for V, A in terms
of Va and V f. We then apply Morrey’s theorem, W17 — CO-H valid forr > d. O
5.3 Maximal L™ regularity

Theorem 5.4 (Regularity statement used below). For the Neumann problem d,u—V-(A(x,t)Vu) =
F with uniformly elliptic A having a small VMO seminorm in X, uniformly in t, if F € LP(Q7)
and Ugp € W2—2/p,p(Q), then the estimate

10:ullp oy + 1l p o 720y < Cp(IFlLp @y + Uglyy2-2ipp)  (34)
holds.

Remark 5.5. Theorem 5.4 is used here as a standard maximal-regularity statement for uniformly elliptic
parabolic problems with spatial VMO coefficients. By Lemma 5.3(ii), the coefficient Ay (t) is Holder
continuous uniformly in £, and hence has a small VMO seminorm in the sense required below; compare
[22, 23].

5.4 WULT estimate for the iterate

We introduce the strengthened iteration set

KP(N)i={@ € Ky, s supll Vi (D)llLr < N},

11



Lemma 5.6. Assume (25)—~(30), let @ € KT.(N), and let ay, solve

dray — V- (Di(x, (@ )Vay) = Ri(@), ag,0=alewlr.  @3s)
Then Vo € L*(0,T; L") and
t s[%p ]IIVak(t)IILr <C3(Rog+CrMytl/mIQlT +1), (36)
|0, T

where C3 = C3(r,d, Mg, C 4, d,;,) > 0 does not depend on N.

min
Proof. We split the proof into three steps.

Step 1. Applying maximal L” regularity. Forr > d = 2, we have 2 — 2/r > 1, and therefore
WwlrQ) o W2-2/7.7(Q); see [32]. Hence there exists a constant C Cep (T, Q) such
that

emb —

laRlyy2-2/r.r ) < Cempl@Rly1.r () < CempRo-
The right-hand side Fj, := ﬁk (a) belongs to L™, and so
IFklLrq,) < CRCMo)(TIQD/T.

Applying Theorem 5.4 with p = r, together with the observation on the VMO structure of the frozen
coefficient, we obtain

19 axlrra,y +1aklprq w2y < Cr(CRCM)TIODYT + CoyRo). (37
Step 2. Interpolation embedding. From (37), we have
a € LT, T; W27 Q) nWLr(, ; L7 (Q)).

By Amann’s interpolation theorem [24],

LT, ; W2y nWlr(,7; L") < C([0, T]; (W2T, L")y ). (38)
Forr > d = 2, one has
(WZ,F' Lr)l/r,r — WZ—Z/T‘,T‘(Q) o Wl'r(Q). (39)

Therefore a;. € C ([0, T]; wLl.r(Q)), and hence Va, € L*(0, t; L™ (Q)).
Step 3. Quantitative estimate. From (37)—(39) and continuity of the embeddings, it follows that

sup IVag(E)lipr < C3(Rg+CrQMy)THTIQINT +1),
tel0, 1]

where the constant C 3 absorbs all intermediate constants and does not depend on N, since esti-
mate (37) contains no N. O

5.5 Nonemptiness of the strengthened class

Theorem 5.7. Under assumptions (25)—(30), set

N*:=2C3(Rg+CrQ2MIQ" +1), (40)
. N*/2C2—Rg—1Y)"
T, :=m1n{TMOI( C 2]\?:[ Ol/r ) }>0' *1)
rR(2M)IQ

Then the truncated system has on [0, T,.] a weak solution a* such that

Va}'z € L0, t,; L"(Q)), s%pIIVa’,'z(t)IILr < N¥*, k=1,..., K. (42)
In particular, a* € U .(T,.) # 0, and a** is a weak solution of the original system on [0, T .].
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Proof. By Lemma 5.6 and the choice of T ., the operator ® maps K7 (N *) into itself. Compactness
follows from estimate (37) and the embedding W Lr e L2 while continuity follows from the proof
of Theorem 4.4. Schauder’s theorem then yields a fixed point a* € KT (N*). Lemmas 4.5-4.6
ensure that (a*) = * 5o the truncated and original systems coincide. ]

Remark 5.8 (Dependence of T, on the parameters). Formula (41) shows that T,. decreases as R,
grows, that is, more complex initial data shorten the interval of enhanced regularity. Moreover, when
Rgp — 0,wehave T, = Ty, o’ and the result approaches the natural time scale of the local theory.

Corollary 5.9. Under assumptions (25)~(30), the solution a* € U .(T.) from Theorem 5.7 is the
unique weak solution of the original system within the class U (T ).

Proof. This is a direct consequence of Theorem 5.1. O

Remark 5.10. Taken together, the results of Sections 45 give the following picture: a global weak
solution exists under (25)—(28); conditional uniqueness holds in the class U -; and after adding as-
sumptions (29)—(30), the class U ,.(T,.) is nonempty, with existence and unconditional uniqueness
within that class. The question of uniqueness in the full weak class on [0, T'] remains open.

6 Probabilistic interpretation and the choice of the Dirichlet distribu-
tion

6.1 Probability simplex and moments

By Theorem 4.8, we have aj (x,t) > 0 a.e. in Q, and therefore ag(x,t) := 25:1 ap > 0.
Hence the quantities
a(x,t)

ap(x,t) (43)

Pk (x,t) :=
are well defined, satisfy py = 0 and Y, k Px = 1, and can be interpreted as the mean probabilities
of the components of the distribution p(x, t) ~ Dir(a (X, t)). The first- and second-order moments
are _ _

P (1l —pg)

ag + 1 +4)

Elpx] = pk. Var(py) =

6.2 Why the Dirichlet distribution

The support of the Dirichlet distribution coincides with the probability simplex. The total parameter
ag =, k Ok 1s naturally interpreted as a concentration measure: small values of a correspond to
high uncertainty in transition zones, whereas large values correspond to distributions concentrated near
one of the vertices of the simplex. The moment formulas (44) are closed and allow direct comparison
of analytical estimates with observable quantities. Finally, the lower bound from Lemma 4.7 ensures
ay > 0 for t > 0, so formulas (43) and (44) are valid on the whole interval of existence.

The Dirichlet distribution is not the only possible choice; the literature also uses logistic-normal
models and more general constructions on the simplex [33, 34]. However, such alternatives usually
require logarithmic transformations and do not provide so direct a connection with the analytical esti-
mates.
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7 Entropy balance and stability

7.1 Reversible auxiliary regime
Consider an auxiliary version of the transition matrix satisfying the detailed balance condition

Iqjx = Okqkj, o, >0, ;Hk=1. (45)

Since > ,; M = 1 and M = 1, we automatically have M < 1 < M. For smooth positive
solutions, introduce the functional

K
ela] := k; jQ (aklng—’;—ak+ﬂk) dx. (46)

Proposition 7.1 (Formal entropy balance). Assume that the transition matrix satisfies (45), and that
the solution is smooth enough and strictly positive. Then

d
Eg[a(t)] + Ddiff(t) + Dreact(t) + Dsink(t) = 0; (47)
where .
Dgig = —D; Vay -Va, dx =0, 43
diff ZIQ ap kYK k (48)
J a; A

react 2 ZHJqufQ ; Hk lnﬂ_j_lnﬂ_k dx =0, (49)

= Ok _ Xk
Dsink -—;JQ Kkak(Mk 1)+ln Iy dx = 0. (50)

Proof. Multiply the kth equation by In(ay /T ), integrate over Q, and sum over K.

Diffusion contribution. Integration by parts together with the Neumann condition gives I 4 =
—Dyir = 0.

Reaction contribution: .With Up = ay /oy, wehave I, = Zj"? gk o uj lpuk flx.
By the row-balance condition (12), the terms u j Inu j cancel after summation. Symmetrization using
detailed balance (45) yields

1
Ireact = _i Z’(qujk IQ(UJ - uk)(lnuj —hlllk) dx = _Dreact =0,
J,

since (uj - uk)(lnuj —Inug) = 0.

Sink contribution. If (o) /My —1), > 0,thenay > M, =1 = m, henceln(ay/m;) =0
and therefore I ;. = =D < 0. O

Remark 7.2. Proposition 7.1 applies only to the reversible auxiliary regime and does not carry over to
the clinical matrix (11); see [35, 36].

7.2 Modal spectral stability condition for the clinical matrix

Let a* be a spatially homogeneous steady state of the clinical system with a’k" #F M. (so that the
Jacobian is well defined). The Jacobian of the reaction part is

T 20
J =0Q'" —diag K M—k—]. l{a;i>Mk} . (51

14



Proposition 7.3 (Modal stability condition). If the spectral abscissa S(J) < 0, then the zero spatial
mode of the linearization is spectrally stable. For nonzero modes, the diagonal diffusion contribution
B(&) := diag(ETDxE) = 0 does not increase the spectral abscissa: s(J — B(&)) < s(J) < 0.

Proof. The matrix J is a Metzler matrix (its off-diagonal entries satisfy g jk = 0). For Metzler
matrices, the spectral abscissa is monotone under negative diagonal shifts; see [37]. O

8 Discretization

8.1 Lie splitting scheme

We use a Lie splitting scheme with two substeps.

Reaction substep (explicit Euler method)

n

1/2 a

aptt/ =aﬂ+At(z qjka?—q‘;{“taﬁ—Kkaﬁ(Mk —1) ) (52)
J#k k +

Diffusion substep (implicit scheme)

For the spatial approximation, we use a conservative finite-volume scheme. In one dimension,
this is a tridiagonal approximation with harmonic averaging of the coefficients at the half-nodes. In
two dimensions, for a constant field f = (1, 0)T, the tensor is diagonal, D} = diag(d gso) +

d gfniso), d ;{iso)), and a five-point scheme with harmonic edge coefficients is used [38, 39].
8.2 Positivity of the reaction substep
Assume that at time step n we have 0 < a} (x;) < M for all nodes x;. Define

VL
A= gt 4 g €1 AN = max A7, (53)
k= Ak T KK\ 37, ’ KK

+

Proposition 8.1. [f At < 1/, then al*%(x;) = 0 for all i, k.
Proof. By the definition of A7, we have

aptl? = (1 - AtAPaf + At Y qa =0
7k

whenever At < 1/AM. O

Proposition 8.2 (M -matrix and non-negativity). If the spatial approximation of the diffusion substep
produces an M -matrix, then the implicit step preserves non-negativity.

Remark 8.3. For a diagonal tensor on a rectangular grid with harmonic averaging, the five-point
scheme indeed produces an M -matrix [39]. Proposition 8.2 is stated in conditional form in order
to separate the monotonicity property of the spatial approximation from the estimate for the reaction
substep.
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9 Numerical illustrations

This section is not intended as a clinical calibration of the model. Below we present one- and two-
dimensional computations with the parameters from Section 9.1, together with a check of the observed
convergence order of the scheme on a smooth manufactured test problem.

9.1 Parameters and reproducibility

Geometry and grids

ID: Q = (0,40) mm, N, =600, At = 1/64 day, T = 60 days; a tridiagonal solver is used
for the diffusion step.

2D: Q = (O, 40)2 mmz, grid 100 x 100, At = 1/256 day, T = 14 days; a direct sparse
solver is used.

Convergence order: the reference solution is computed on N'¢f = 1600 with At™" = 1/1024.
Reaction parameters

d12 =0.18, q15=0.04, g3 =0.12, g4 =0.08,

qdr5 =0.03, q34 =0.10, g5, =0.05, g54 =0.04.

k1 =0.35, k5 =0.35, k3 =045, k4 =0, k5 =0.25, M, =8 k=1,..,5.

(54)

(55)
Diffusion parameters
dgso) = (0.30, 0.24, 0.18, 0.16, 0.22) mm? /day, (56)
Bx = (0.30, 0.40, 0.50, 0.20, 0.35), £=10"2, f(x)=131D), f=(@1,0T@2D).
(57)
Initial data (1D)
(x —20)?
= -, 58
x(x) eXP( 242 (58)
a=7-6x, af=1+2y, af=1+4y, al=1, a2=1, af=11. (59
Initial data (2D)
X —20)2 + (y —20)?
p(x, y) i= exp| - X ZZL Y 2207, (60)
2:5
a=7-5p, a9=1+15p, al=1+25p, al=1, a2=1+p, af=11.
(61)
Spatial approximation (1D)
1 Xk,i+1 — Xk, i Xk,i — Xk,i-1
(Lrhaw)i =g (Dk,i+% ~h l Dyt — ) (62)
where Dy ;.12 are computed by harmonic averaging.
Spatial approximation (2D)
1 Ak,i+1,j — Ak,i,j Ak,i,j — Xk,i—1,j
(Lhaw)i,j = E(DXX,H%,] h, _Dxx,i—%,j h )
N hi (D i ‘+lak,i,j+}11 ~Akij _p i ._lak,i,j _hak,i,j—l)’
y U yyijts v yy.i,j=5 v
(63)

where D, , =d 280) +d gfniso) .Dyy=d 250) , and the edge coefficients are computed by harmonic
averaging.
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9.2 A posteriori check of the positivity condition

The theoretical barrier M t:,}l = Medx* T forthe parameter set (54)—(55) is rough. In the computations
we use the adaptive barrier M := max; j & 1 (x;). Along the computed trajectory,

mr@llng ~ 15.4. (64)

A strict a priori guarantee of the condition At < 1/ an through the theoretical barrier lies beyond the
scope of this paper.

9.3 One-dimensional scenario of acute remodeling

Table 1: Spatially averaged tissue-state probabilities and the concentration parameter (1D, 60 days).

t,days | py | P2 | P3 | Pa | Ps | &g
0 0.091 | 0.273 | 0.455 | 0.091 | 0.091 | 11.0
7 0.048 | 0.134 | 0.297 | 0.376 | 0.145 | 13.8
14 0.039 | 0.072 | 0.148 | 0.567 | 0.174 | 14.6
30 0.031 | 0.038 | 0.052 | 0.723 | 0.156 | 15.1
60 0.025 | 0.021 | 0.018 | 0.811 | 0.125 | 15.4

The quantitative dynamics, including the growth of the replacement fibrosis fraction p4 and the
evolution of the concentration parameter &, are listed in Table 1; these data are consistent with the
barrier estimates.

9.4 Two-dimensional transition zone

The zones are defined from the field p(x, y) in (60): Q
07}, Qhealthy = {p < 02}

core =1 =07} Qe :i={0.2=p <

Table 2: Two-dimensional scenario (t = 14 days): zone-averaged characteristics.

Zone (P4) (Var(py)) (ag)
Core 0.62 0.009 26.3
Transition 0.31 0.038 7.2

Healthy 0.09 0.004 28.5

The variance reaches its maximum in the transition zone, while in the lesion core and in healthy
tissue the values of & remain higher, which is consistent with the interpretation of the concentra-
tion parameter as an indicator of confidence. The quantitative characteristics of the two-dimensional
scenario are summarized in Table 2.

9.5 Tables of observed convergence order
For verification we use the manufactured test
(x,t) € (0,40) x [0, 1].

a(x,t) =1+ 0.2cos (ﬂ) et (65)

40

The error is computed in the L2(Q) normat T = 1 for the component a3 with respect to the exact
solution.
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Table 3: Spatial refinement.

N, h Error Order
100 | 0.40 | 3.58x 1072 | —

200 [ 0.20 | 8.97x 1073 | 2.00
400 | 0.10 | 2.24x 1073 | 2.00

Table 4: Temporal refinement.

At Error Order
0.500 | 3.96 x 10=2 | —
0.250 | 1.99x 10=2 | 0.99
0.125 [ 9.98x10=3 | 1.00

Second-order convergence in space and first-order convergence in time agree with the theoretical
expectations for this class of schemes on a smooth test solution and are therefore regarded here only as
a consistency check of the discretization block. In clinically motivated problems with sharp transitions,
second-order spatial convergence at early times should not be expected; Tables 3—4 show only that the
scheme is consistent in the regular regime.

10 Discussion

10.1 Position of the model among existing approaches

Unlike phase-field and bidomain approaches, the main state variable here is neither a phase indicator
nor a potential, but a vector of Dirichlet parameters that encodes both the dominant tissue state and
the level of confidence in it. Unlike static probabilistic models on the simplex, the present formulation
defines a full space-time dynamics with anisotropic diffusion and a Markovian reaction part. In tran-
sition zones, this makes it possible to describe not an abrupt change of phases, but a distribution with
increased variance and a changing local structure of uncertainty.

10.2 Significance of the W1 regularity result

Theorem 5.7 removes the conditional character of Theorem 5.1: we now know that for sufficiently
regular initial data, the higher regularity of the gradients is actually realized and is not just an empty
restriction on the class of solutions. The key feature of the proof is that the estimate for the new iterate
in (36) is independent of the norm of the previous iterate N, which is what allows the iteration to close
in the required functional class.

As noted in the introduction, the ingredients of the proof are well known separately: maximal
LT regularity with VMO coefficients (Kim—Krylov [22], Dong-Kim [23]), Morrey’s theorem, and
interpolation in Bochner spaces (Amann [24]). The novelty lies in bringing them together into a single
nonlinear W17 iteration argument for an anisotropic system with Markovian reaction dynamics.

10.3 Status of the uniqueness theorem

Corollary 5.9 establishes unconditional uniqueness in the class U . (T,-). However, uniqueness in the
full weak class [L2 (0, T; H 1 )] K remains open. Resolving this question would require either a new
way to estimate the term [ %() without an L” bound on Va §<2) , or some additional structure, such as

monotonicity in the state variable or diagonal dominance.

18



10.4 Limitations of the model and future directions

L.

The coefficients q jj are not identified from data; the inverse problem of recovering them requires
a separate statistical and computational study.

. Unconditional uniqueness is proved only in the class U ,-(T,-); the question of uniqueness in the

full weak class on the whole interval [0, T'] remains open.

. Global W1.T regularity is not proved; the present result is local in time and is intended primarily

to close the uniqueness argument.

. The entropy balance is established only for the reversible auxiliary regime, whereas for the clini-

cally motivated irreversible matrix we obtain only modal stability of the linearized system.

. The convergence-order tables refer to a smooth manufactured test and should not be interpreted

as a universal order estimate for nonsmooth clinically motivated data.

. The choice of the Dirichlet distribution fits the probabilistic interpretation of tissue composition

well, but it is not the only possible way to parametrize a multicomponent state.

Natural directions for further work are uniqueness in the natural weak class, entropy structure for

irreversible matrices, cross-diffusion, and parametric identification from clinical data.

11 Conclusion

In this paper we constructed and analyzed an anisotropic reaction—diffusion model of myocardial re-
modeling written in terms of Dirichlet distribution parameters. The main results are as follows.

. For a specific class of diffusion tensors depending on the fraction of damaged tissue, we verified

uniform ellipticity and local Lipschitz continuity in the state variable. This ensures that the model
formulation is well posed in standard functional classes.

For the truncated system we proved first local and then global existence of a weak solution, non-
negativity, an upper barrier, and a quantitative lower exponential bound. This implies invariance
of the admissible region and, hence, global solvability of the original system.

The central analytical contribution of the paper is the proof that the strengthened class U - (T ;)
is nonempty when a2 e WLr @), r > d, and f e Wwl=(Q). The proof is based on a
closed W L' iteration that combines maximal L™ regularity for equations with VMO coefficients,
Morrey’s embedding, and interpolation in Bochner spaces.

The previous item yields unconditional uniqueness in the class U,-(T,-) on a short time interval.
Thus the conditional nature of the uniqueness theorem is removed in the same functional class in
which existence has been proved.

For the reversible auxiliary regime we derived a formal entropy balance, while for the clinically
motivated irreversible transition matrix we obtained a modal spectral stability condition for the
linearized system.

The numerical section is limited to illustrations of the barrier properties of the solution, of repre-
sentative space-time regimes, and of the observed convergence order of the scheme on a smooth
test problem.
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The paper provides a rigorous analytical justification of the proposed formulation; the applied inter-
pretation through Dirichlet parameters opens the way to problems of identifying transition coefficients
from LGE-MRI data and to the construction of more detailed models of remodeling. Natural directions
for future work include global W Lr regularity, uniqueness in the natural weak class, entropy methods
for irreversible transition matrices, and parameter identification from MRI data.
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