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Abstract. Edge-aware regularization is a cornerstone of variational methods
in image processing and computer vision, typically implemented by weighting
discrete gradients with functions dependent on local intensity differences. This
paper investigates the phenomenon of scale inconsistency in standard weighting
schemes of the form w < exp(-B|Al|%). We demonstrate that under grid refine-
ment (h—0), such weights degenerate to a constant at a rate of 0(h?), effectively
reducing the regularizer to an isotropic Laplacian and nullifying the edge-pre-
serving properties in the continuum limit. To address this, we propose a scale-
consistent formulation utilizing discrete directional derivatives, {IH_E,N - !i-];’h,
within the weight argument. We provide a rigorous analysis proving the -con-
sistency of the modified discrete functional with a weighted anisotropic Dirichlet
energy and establish 0(h)-convergence of the associated variational problems.
Numerical validation on synthetic data and cardiac MRI segmentation (ACDC
dataset) confirms that the proposed method ensures hyperparameter stabil-
ity across varying physical resolutions, eliminating the need for resolution-
dependent tuning.

Keywords: weighted Dirichlet energy; edge-aware regularization; scale con-
sistency, discrete-to-continuum limit; inverse problems; -convergence.

1. Introduction

Variational methods and regularization techniques remain fundamental to ap-
plied mathematics, particularly in solving ill-posed inverse problems [1, 2, 3] and
in image reconstruction [4, 5, 6]. The classical approach involves recovering an
unknown field from noisy observations by minimizing an energy functional:
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JW) =D, ) + AR(w), (1)

where 7 is a data fidelity term and R is a regularizer enforcing prior knowl-
edge, such as smoothness.

While the standard Dirichlet energy f |V’u|2 dx promotes global smooth-
ness, it invariably blurs structural boundaries. To mitigate this, edge-aware regu-
larization techniques were developed, suppressing smoothing across high-gradi-
ent regions. The seminal work on anisotropic diffusion by Perona and Malik [7]
introduced diffusivity coefficients dependent on the image gradient magnitude.
These concepts evolved into weighted Dirichlet energies and Total Variation (TV)
methods [8, 9], which are now ubiquitous in both classical solvers and modern
deep learning architectures [10, 11].

Despite their widespread adoption, the discretization of these functionals on
grids with varying spatial resolution (pixel/voxel size) poses a subtle but criti-
cal challenge. In many implementations, the grid step h is implicitly treated as
unity. Consequently, regularization weights are computed based on raw intensity
differences between adjacent pixels. As we show in this work, this practice leads
to scale inconsistency: models tuned on data with one physical resolution fail to
generalize to data with a different resolution, a scenario common in multi-center
medical imaging studies [12].

2. Scientific Problem

The central issue addressed in this study is the mathematical degeneracy of
standard discrete edge-aware weights under grid refinement.

Consider a domain () ¢ R discretized by a uniform grid (), with mesh
size h. Let I be a fixed continuous image (or guidance signal). In standard discrete
implementations [13, 14, 15], the weight W; ;. assigned to the edge between nodes
i and i+e, is typically defined as a function of the absolute intensity difference:

2
witd =g (|1i+ek — I ) @
where g() is a decaying function, often the Gaussian kernel
g (s) = exp(— [35‘) The intuition is that large differences imply an edge, reduc-
ing the weight and thus the smoothing.
However, from the perspective of numerical analysis, this formulation is ill-
posed with respect to the limit #—0. For a differentiable function, the finite differ-
ence scales as 0 (h). Specifically, via Taylor expansion:

|I(x + he,) —I(x)| = h|0,1(x)]. 3)

As h—0, the argument of the weight function tends to zero regardless of the
local gradient magnitude, causing the weight WfE{d to converge to its maximum
value ¢(0). This implies that the “edge-awareness” of the regularizer is an artifact
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of the discretization step size rather than an intrinsic property of the image content.
This scale dependence necessitates the recalibration of the sensitivity parameter
B whenever the physical resolution changes, complicating model deployment and
reproducibility.

3. Contributions

This paper provides a rigorous mathematical treatment of scale inconsistency
and proposes a geometrically correct remedy. Our main contributions are:

Negative Result: We formally prove that standard edge-aware weights degen-
erate to a constant with an asymptotic error rate of 0(%?) as h—0, transforming the
anisotropic regularizer into an isotropic one in the continuum limit.

Proposed Remedy: We introduce a scale-consistent weight formulation based
on discrete directional derivatives (normalized differences). This modification re-
stores the correct continuum behavior.

Theoretical Analysis: We establish the consistency of the proposed discrete
functional with the continuous weighted Dirichlet energy (0(h) accuracy) and
assert the -convergence of the respective variational problems, ensuring conver-
gence of minimizers.

Asymptotic Characterization: We analyze the joint limits of the grid step 4 and
the sensitivity parameter o, classifying the regimes of isotropic, anisotropic, and
TV-like behavior.

Numerical Validation: The theoretical findings are corroborated by synthetic
resolution-sweep tests and a real-world cardiac MRI segmentation experiment,
demonstrating superior robustness to resolution changes compared to the baseline.

4. Materials and Methods

4.1. Preliminaries and Notation

Let 0 © R (d = 2,3) be a bounded Lipschitz domain. We introduce a se-
quence of uniform grids Q, with spacing #>0. Grid nodes are denoted by x, = ih, i€ Z°.

For a grid function u: Q,—R, the forward difference operator in the direction
of the basis vector e, is defined as:

U; — U;
Dju; = % )

2 _ pd 2
The discrete L2-norm is defined as [Ul2n = Zilwil
We consider the discrete weighted Dirichlet energy:

d
Eplu] = hdz Z Wil Difug] %, ©
=1

]

where w,, are non-negative weights derived from a guidance image.
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4.2. Analysis of Standard Weight Degeneration
The standard weight formulation is given by:

std 2
Wi ik — = €xp (_B|1i+ek - 1i| ) + Woinine ™ Winin >0. ©
Proposition 1 (Asymptotic Degeneration). Assume I € C 3 (Q) Then, for any
edge (i, i+e,), the following expansion holds as 2—0:

td
wi = (L+ W) — Bh?[0, 1 ()] + 0(hY), ™
where X is the midpoint of the edge. Consequently, W S =1+ wp,
uniformly.
Proof.

We expand 7 around X, = x; + gek:
h3
Ii+ek Iy =ho I(xrk) + 631@) (8)

Squaring this expression yields:

lise, — L] = R2[0, I (x5)|* + 0. ©

2
Let t=B|Ii+ek—I[-‘ . Since t=0(h?®), we use the expansion

e~ =1—t+0(t?):
fticd - (1 - thlak”z + O(h4)) + Winin- (10)

This completes the proof.
This result implies that the contrast of the weights — the difference between
weights at edges and in flat regions — vanishes quadratically: Aw ~ 0 (h?).

4.3. The Proposed Remedy: Scale-Consistent Weights

To ensure a non-trivial continuum limit, the argument of the weight function
must approximate the gradient magnitude |V]|?, not the difference |AI|?. Fur-
thermore, to handle noise and discontinuities rigorously in the continuum limit,
we adopt the standard practice of using a mollified guidance image Iy =Gy *1,
where G is a Gaussian kernel with fixed width p>0.

We define the scale-consistent weights as:
W = exp( |D+1p,| ) + Wpin = exp( B|

P, !+€k

[ . 2
Pl
| )+Wmin- (11)
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Theorem 2 (Consistency). Let Ip EC 2(5) The discrete functional Ej [u]

with weights W/, is consistent with the continuous anisotropic energy
d

E[u] = Lkzdw,;(x)lﬂku(x)lzdx, with wy.(x) = exp (—B|a,\.!p{x)|2) + Winins (12)

satisfying |Ey, [up] — E[u]| = O(h) for any u € Cz(ﬁ), where is the grid
restriction of u.

Proof Sketch.

Since is smooth, the discrete derivative D;Ip,i = Bklp (%) + 0(h)con-
verges to the continuous derivative:. Since the exponential function is Lipschitz
continuous on bounded intervals, |w;; — wy (JE)| = 0(h). The convergence of
the Riemann sum to the integral introduces another 0(%) error, resulting in a total
error of O(h).

I'-Convergence.

Beyond pointwise consistency, variational correctness requires I'-convergence
[16, 17, 18, 19]. Under coercivity assumptions (e.g., Dirichlet boundary condi-
tions) [20], it can be shown that the sequence of functionals Ej, T'-converges to £
in the L?(£)) topology. This ensures that minimizers %" of the discrete problems
uy, converge to the minimizer of the continuous problem.

4.4. Two-Parameter Asymptotic Analysis

In practice, the sensitivity parameter is often denoted as o, where § = 1/ a2
We analyze the joint behavior of / and o.

Regime 1: Fixed Sensitivity (¢ = const independent of /). This corresponds to
the correct anisotropic limit derived in Theorem 2. Regime 2: Vanishing Sensitiv-
ity (6—0). As 6—0, the weights approximate a characteristic function indicating
edges. This approaches a Total Variation-like regime but may introduce numerical
stiffness. Regime 3: Standard Scaling (¢ « 1). If one uses standard weights with-
out normalization, effectively B, « 4%, which corresponds to 6—co. In this regime,
weights converge to unity, and the model becomes isotropic. Recommendation:
The parameter must have physical units (e.g., intensity/length) and be fixed inde-
pendently of the grid step 4.

5. Numerical Experiments

5.1. Synthetic “Resolution Sweep” Test

Setup:

We generated a 1D synthetic edge profile /(x) = tanh(x/d) with width 6 = 0.1
on domain [-1,1].

We generated grids with spacings h € {2425 ..., 2},

We computed the weight contrast AW = Wy;; — Wegge, where Wegge and
Weat are average weights in the flat and transition regions, respectively.
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5.2. Cardiac MRI Segmentation (Physical Scale Transfer)

Dataset:

We utilized the ACDC (Automated Cardiac Diagnosis Challenge) dataset [21,
22], comprising 100 patient MRI scans. A key feature of this dataset is the heter-
ogeneity in physical resolution: pixel spacing varies from 1.37 mm to 1.68 mm.

Methodology:

A U-Net architecture [23] was trained to segment the left ventricle. The loss
function included a regularization term on the softmax probability maps. We com-
pared two strategies:

Baseline + StdWeight: Standard weights based on raw differences. fixed across
all images.

Baseline + ScaleCons: Proposed scale-consistent weights (normalized by pixel
size from metadata). fixed in physical units (mm?).

Training used the Adam optimizer [24] with fixed hyperparameters. Evalua-
tion metrics included the Dice Similarity Coefficient (DSC) and Expected Cali-
bration Error (ECE) [25].

6. Results

6.1. Synthetic Test Results

Table 1 illustrates the dependence of weight contrast on grid resolution.

The standard weights exhibit a rapid collapse in contrast (approximately
factor of 4 per halving of A, consistent with 0(4?)). At fine resolutions, the
standard regularizer fails to distinguish edges from flat regions. In contrast,
the proposed method maintains a stable contrast ~ 0.416, demonstrating scale
invariance.

6.2. MRI Segmentation Results

Performance on the ACDC test set (5-fold cross-validation):

Baseline (No Reg): Dice = 0.864 + 0.011.

+ StdWeight: Dice = 0.869 + 0.012. The improvement is statistically insignif-
icant (p = 0.09) due to inconsistent regularization strength across patients with
different resolutions.

+ ScaleCons: Dice = 0.886 + 0.008. The proposed method yields a statistically
significant improvement (p < 0.001) and reduces the Expected Calibration Error
from 0.047 to 0.038.

7. Discussion

The results highlights a fundamental flaw in naive discretizations of variational
models: the conflation of discretization parameters (grid step) with model param-
eters (edge sensitivity).

Interpretation of Degeneration:

The quadratic decay Aw ~ O(h?) explains a common practical frustration: hy-
perparameters tuned on low-resolution prototype data often perform poorly on
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high-resolution production data, leading to “oversmoothing.” The model effec-
tively degenerates into isotropic diffusion as resolution increases.

The Role of Mollification:

While our theoretical analysis assumes 1 e (, this is not merely a technical
convenience. In applied settings, computing gradients on raw noisy data is unsta-
ble. Pre-smoothing (guidance) is standard in edge-preserving filters (e.g., Guided
Filter [13]). Our analysis shows that this step is also necessary for the existence of
a well-defined continuum limit.

8. Conclusion

This work presented a comprehensive analysis of scale inconsistency in dis-
crete edge-aware regularization.

We proved that standard weights based on raw intensity differences degenerate
as O(/?) under grid refinement.

We proposed a theoretically sound remedy using discrete directional deriva-
tives, ensuring O(%) -consistency with the anisotropic continuum model.

Experimental validation confirmed that the proposed scale-consistent weights
provide superior robustness and accuracy in multi-resolution medical imaging tasks.

We recommend that all implementations of weighted Dirichlet energies or sim-
ilar variational regularizers explicitly normalize intensity differences by the grid
step to ensure mathematical well-posedness and practical robustness.
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